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The uniqueness of the determination of carbon and nitrogen diffusion coefficients is found for the process 

of carbonitriding with complete and abbreviated information on the concentration fields. 

Introduction. The process of steel carbonitriding [1 ] is described under some additional conditions by a 

nonlinear system of parabolic equations linked by the diffusion coefficients D i --- Di (Ul, u2), i = 1, 2, where Ul and 

u2 are carbon and nitrogen concentrations, respectively. The coefficients depend on the solution of the system (Ul 

and u2). Linear representations [2 ] or experimental formulas are used for the functions D i. However, these 

approximations are not known for all technological materials. Therefore, the inverse problem [3 ] of determining 

D i from indirect measurements of diffusion fields arises. 

The question of the uniqueness of a solution of this problem is of basic importance, first of all, because the 

answer to it provides information sufficient for unique determination of the sought coefficients, assuming that all 

the initial data are perfectly accurate. Because of this, regularizing operators of searching for approximations [4 ] 
can be used with inaccurate input data. 

From studies carried out within the general theory of parabolic equations [5, 6 ] and referred to the same 

equation, it can be concluded that even with complete information on the solution of the boundary-value problem 

in the region of its definition, the coefficients in the equation cannot, strictly speaking, be determined uniquely. 

1. Reconstruction of Carbon and Nitrogen Diffusion Coefficients with Complete Information on the 

Concentration Fields. Let the functions u 1 (x, t), u2(x, t)EC 2'1 (Q), which are a solution of the boundary-value 

problem, be known in the domain Q = [ 0, l• [0,~]. The problem is as follows: 

OUl - 0 ( Dl Ox ' u2) Ou 

Ou 2 0 
Ot Ox 

( oc) 
D2 (Ul '  U2)-~X ' ^ (1.1) 0 < x < l ,  O < t < _ t ,  

U 1 (X, 0) = Ul0(X),  U 2 ( x ,  0) = U20(X), 0 --< X < l ,  

A 

U 1 (l, t) = fl (t),  U 2 (l, t) = f2 (t),  0 --< t <_ t ,  

OU 1 ^ 
D1 (Ul ' u2) ~ x=0 = fll (Ul '  u2) (Ul - Ul0 cr) lx=O, 0 -< t -< t ,  (1.2) 

Ou 2 ^ 
02  (Ul '  U2) -'-~-X Ix=0 = r2  (Ul,  U2) (U2 -- U20 cr) lx=O, 0 -< t - t ,  

where fi(t),  i=  1, 2, UlO(X), u20(x), Ul0cr(t), U2Ocr(t), fli(Ul, u2) , i = 1, 2, are known functions of their arguments. 
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T h e o r e m I. Let  u l (x ,  t), u2(x, t) E Cz'I@) be known in -Q. Also le t f i ( t ) ,  i = 1, 2, on [0, t], ulo(x),  

u20(x) on [0, l], andtSi(z,  z2), i = 1, 2, z 1 ~ [Ulmin , Ulmax], z2 ~ [U2min, U2max] be known. 

Also let Oul/OX > al  > O, Ou2/Ox >_ a 2 > O, IO(Ul,6U2)/O(x, O[ ~ O in-Q. Then Dl(Ul,  u2), D2(Ul, u2) are 
determined uniquely. 

P r o 0 f. The  theorem will be proved as follows. 

Equations (1.1) will be integrated with respect to x between 0 and x: 

Ou 1 Ou 1 OU 1 

o 

Ou 2 Ou 2 
D2 (Ul U21 "~X (X, t) -- D 2 (U 1 U2) -~-X IX=0 "~ 0"2 , , = --~-(~,  t) d ~ .  

o 

Since DlOul/OX[x=o, D2Ou2/OX[x= 0 and Oul/Ox, Ou2/O x -> a 0 (a0 = max a i) are known, then 
i=1,2 

Ou 1 

o o (1.3) 
D1 (Ul '  u 2 ) =  Ou 1 , D2(Ul ,  1 /2) -  0u 2 

Ox Ox 

The expressions in the r ight-hand sides of equalities (1.3) are known, and therefore D1 and D2 can be  found as 

functions of x and t. Since I = I O(Ul; u2)/O(x, t) I r 0 in Q, x and t can be expressed uniquely in terms of ul and 

u2: x--X(Ul ,  u2), t = t (ul ,  u2) (from the theorem of the implicit function). Thus, D t ( u l ,  u2) and D2(ui,  u2) have 

been determined. 

2. Determination of Diffusion Coefficients with Abbreviated Information on the Concentrat ion Fields. Let 

us consider the conventional linear model for the coefficients Di: 

Oi = Cl--o,i + "al ,i Ul + "a2,i u2 , (2.1) 

m m 

where ao,i, al,i, a2,i, i = 1, 2, are some functions of the process temperature [1 ]. When the temperatures are not 

too high, the interaction of the processes is neglected (D i = 710, i) and the problem is divided into two independent  

problems. At a high temperature  T, assumed to be a parameter,  two modifications will be distinguished: a) 

al,i = a2,i =-- al,i, where the interaction is determined by the sum of the concentrations; in this case the sought 

quantity is considered to be Pa = {Tzo,i, al,i}, i = l ,  2, with the components constant at fixed T; r )  al,i  ;~ a2,i, but 

the values of 7~0,i are considered to be known from indirect observations of the diffusion fields; in this case the 

sought quantity is P3 = {al,i, a2,i}, i = 1, 2, where the components are also constant. 

It should ne noted that in case (/3), ao,i can also be determined uniquely when a-o,i = ~lo,i(ui), without too 

strict a limitation imposed on the class of these fucntions [7 ] and even with abbreviated information on the diffusion 

fields. In this case it is sufficient that apart  from ordinary boundary conditions of the second or third kind, the 

concentrations ui(0, t) = ~oi(t), i = I, 2, be prescribed as a time function at one of the ends. 

Within the above models at preset initial concentrations and with boundary conditions of any type, the 

diffusion process is described by the system of equations 

OUi 0 [ D i ( u  1 , u2 ) Ox J = O, Li (Ul '  u2) - Ot Ox Oui ] 

x, t Q= (o, 0 • (o, i = 1 , 2 .  (2.2) 

Let us denote the set of values of Pa (or p3) by M o and the set of solutions of system (2.2) under  the chosen 

additional conditions Pa ~ Mp (or P3 ~ Mp) by Mu. It is clear that the condition u E M u ensures the existence of 

a solution of the inverse problem. 
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Diffusion fields are called degenerated in a subregion Q if 02Ui/OX 2= 0 or  O/Ox[(ul+uZ)Oui/Ox]-- 
aO2//i/Ox 2, i = 1, 2, for some aS  0. 

T h e o r e m 2. Let u E Mu be known in a vicinity COMo of any point Mo(xo, to E Q and in COMo the diffusion 
fields not be degenerate. Then a solution of  the inverse problems uto ~ Pa, uto ~ pfl is unique. 

P r o o f. For example, in case (a) let us consider the function F(Pa) - f f [L12(u) + L2(u)]de. It is obvious 
toM 0 

that inf F(pa) = 0 and any solution of the inverse problem is a solution of the variational problem. Now, it can be 

noted that 

2 
F (Pa) = ~] 

i=1 
( i ) -  .~ (i) + n(i)-a2.i 2q{, ) - _ 2q(i)-  + ri ) Pll a~,i + zPl2 ao,i al,i ~u22 -- ao,i aid , 

I I  2 
.(i) 02u-----2i da , 
Y l l =  f M f  0 OX 2 p(i) 

02Ui 0 [ 

12---- f f OX----20X L 
(Ul + //2) 

O//i ] dt~ 

J Ox 

22 ---- f f ~x (//1 +/12) do', 
to M 0 Ox 

and the terms containing no ak,i, k = 0, 1, i = 1, 2, are denoted by ri. 
Then the critical points are determined from systems separated in i: OF~Oak, i = 0, k = 0, 1, i = 1, 2. Because 

of the obvious inequalities pitt > O, A i ,,(i)p(i) rn(i) 1 > 0, the point of the global extremum can be nonunique -- = Y l l  22-- tt~12J -- 
only when the exact equalities .(0 0 or Ai 0 are satisfied. It can be easily seen that they mean degeneration of Vll = = 
the fields. For case (fl) the proof is similar. It should be noted that the conditions of degeneration result either in 

decomposition of the diffusion field for Ul and//2 into independent fields or (similarly to [5 ]) in a specific structure 

for them that is inconsistent with the conditions of problem (2.2). On the other hand, the formulated conditions of 

uniqueness are local and can be referred to an infinitesimal neighborhood of a point. 

R E F E R E N C E S  

. 

. 

. 

. 

5. 

6. 

. 

M. N. Leonidova, L. A. Shwartsman, and L. N. Shul'ts, Physicochemical Fundamentals of the Interaction 

between Metals and Monitored Atmospheres [in Russian ], Moscow (1980). 

"Computer simulation and computerization of chemicothermal treatment of automobile parts," Survey, Ser. XI: 

Technology of the Automobile Production [in Russian] (Centr. Res. Inst. Automob. Ind., Ministry of 

Automobile Industry of the USSR), Moscow (1987). 

A. N. Tikhonov, V. D. Kal 'ner, and V. B. Glasko, Mathematical Modeling of Technological Processes and the 

Method of Inverse Problems in Machine Building [in Russian ], Moscow (1990). 

A. N. Tikhonov and V. Ya. Arsenin, Methods for Solving of Ill-Posed Problems [in Russian ], Moscow (1986). 

V. V. Frolov, Inzh.-Fiz. Zh., 29, No. 1,808-810 (1975). 

B. M. Budak and V. N. Vasil'eva, in: Solution of Optimum Control Problems and Some Inverse Problems [in 

Russian ], Moscow (1974), pp. 3-20. 

N. V. Muzylev, Zh. Vychislit. Mat. Mat. Fiz., 20, No. 2, 388-400 (1980). 

427 


